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1. INTRODUCTION 

When we deal with metric space in Fuzzy space, there are some interesting types of Fuzzy set valued continuous function and 

Fuzzy set valued levelwise continuous function on them. It is well known that every uniformly continuous function is 

continuous but converse does not hold. We want to discuss same concept for Fuzzy set valued mapping. Also introduced a 

new type of continuous function  viz. Fuzzy set valued locally uniformly continuous function and study some results on 

Fuzzy space 𝐸𝑛 . 

II. PRELIMINARIES [1] 

Let 𝑃𝑘(𝑅𝑛) denote the family of all nonempty compact convex subsets of 𝑅𝑛  and define the addition and scalar 

multiplication in 𝑃𝑘(𝑅𝑛) as usual.  Let A and B be nonempty subsets of 𝑅𝑛 .The distance between A and B is defined by 

the Hausdorff metric, 

𝑑𝐻 𝐴, 𝐵 = 𝑚𝑎𝑥 𝑑𝐻
∗  𝐴, 𝐵 , 𝑑𝐻

∗  𝐵, 𝐴   , Where 𝑑𝐻
∗  𝐵, 𝐴 = 𝑖𝑛𝑓 𝜀 > 0:𝐵𝐴 + 𝜀𝑆1

𝑛   

where𝑆1
𝑛  the closed unit ball in 𝑅𝑛 .Note that  𝐴 + 𝜀𝑆1

𝑛 = 𝑆𝜀(𝐴).Then it is clear that  𝑃𝑘 𝑅
𝑛 , 𝑑𝐻  becomes a complete metric 

space.  

Also  for0 < 𝛼 ≤ 1,   Denote 𝛼-level set  [𝑓]𝛼 = {𝑥 ∈ 𝑅𝑛│𝑓 𝑥 ≥ 𝛼}. Then,[𝑓]𝛼 ∈ 𝑃𝑘 𝑅
𝑛 . 

Next we denote by 𝐸𝑛  the space of all fuzzy sets which are normal, fuzzy convex, have compact level sets and are upper 

semicontinuous functions from 𝑅𝑛 into [0,1] 

2.1.Definition 

 Denote the Fuzzy  space𝐸𝑛 =  𝑓: 𝑅𝑛 →  0,1 │𝑢 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠  𝑖 −  𝑖𝑣  𝑏𝑒𝑙𝑜𝑤 ,   Where 

(i) 𝑓 is normal, i.e. there exists an 𝑥0 ∈ 𝑅𝑛  such that 𝑓 𝑥0 = 1. 

(ii) 𝑓 is fuzzy convex, i.e.𝑓(𝑥 +  1 −  𝑦) ≥ min⁡{𝑓 𝑥 , 𝑓(𝑦)} for any 𝑥, 𝑦 ∈ 𝑅𝑛  and 0 ≤  ≤ 1, 

(iii) 𝑓 is upper semi continuous, 

(iv) [𝑓]0 = 𝑐𝑙{𝑥 ∈ 𝑅𝑛│𝑓 𝑥 > 0}is compact. 

2.2 Remarks[1] 

 (i) Here we consider mappings F from a domain 𝑇 in  𝑅𝑘  into the space 𝐸𝑛  of fuzzy sets on 𝑅𝑛 . Thus 𝐹: 𝑇 → 𝐸𝑛 ,  i.e  

𝐹 𝑡 ∈ 𝐸𝑛  , ∀𝑡 ∈ 𝑇.  We shall call such a mapping 𝐹 a fuzzy set valued mapping of 𝐾 real variables. 



International Journal of Advance Engineering and Research Development (IJAERD) 

Volume 3, Issue 1, January -2016, e-ISSN: 2348 - 4470, print-ISSN: 2348-6406 
 

@IJAERD-2016, All rights Reserved  13 
 

 

(ii) According to Zadeh’s extension principle, we define addition and scalar multiplication of fuzzy sets as:𝐹: 𝑇 → 𝐸𝑛 , 𝐺: 𝑇 →

𝐸𝑛 ,  Define 𝐹 𝑡 = 𝐹𝑡 , 𝐺 𝑡 = 𝐺𝑡  , ∀𝑡 ∈ 𝑇. 

 𝐹𝑡 + 𝐺𝑡   𝑧 =    sup𝑧=𝑥+𝑦 𝑚𝑖𝑛 𝐹𝑡 𝑥 ,𝐺𝑡(𝑦) (2.1) 

𝑎𝑛𝑑         𝑐𝐹𝑡   𝑧 = 𝐹𝑡 
𝑧
𝑐   (2.2) 

We shall define addition and scalar multiplication of Fuzzy sets in 𝐸𝑛 levelwise and these are equivalent to the following 

level set definitions (2.3) and (2.4) respectively. 

i.e for 𝐹𝑡 , 𝐺𝑡 ∈ 𝐸𝑛    and𝑐 ∈ 𝑅 − {0} 

[𝐹𝑡 + 𝐺𝑡]𝛼 = [𝐹𝑡]
𝛼 + [𝐺𝑡]

𝛼  (2.3) 

and           [𝑐𝐹𝑡]
𝛼 = 𝑐[𝐹𝑡]

𝛼∀𝛼 ∈ 𝐼(2.4) 

 

2.3 Proposition  

 If  𝐹𝑡 , 𝐺𝑡 ∈ 𝐸𝑛   and  𝑐 ∈ 𝑅 − {0} then 𝐹𝑡 + 𝐺𝑡
 = 𝐹𝑡 + 𝐺𝑡and 𝑐𝐹𝑡 = 𝑐𝐹𝑡. 

2.4 Proposition  

𝐸𝑛   is closed under addition (2.3) and scalar multiplication (2.4). 

2.5 Definition [1] 

The supremum metric 𝑑∞  on 𝐸𝑛 is defined by 

𝑑∞ 𝐹𝑡 , 𝐺𝑡 = sup 𝑑𝐻  𝐹𝑡 
𝛼 ,  𝐺𝑡 

𝛼 : 𝛼 ∈ 𝐼 for all 𝐹𝑡 , 𝐺𝑡 ∈ 𝐸𝑛 .  

Then clearly,    (i)   𝐸𝑛 , 𝑑∞ is a complete metric space. 

                        (ii) 𝑑∞ 𝑘𝐹𝑡 , 𝑘𝐺𝑡 =│k│𝑑∞ 𝐹𝑡 , 𝐺𝑡 ,  ∀𝐹𝑡 , 𝐺𝑡 ∈ 𝐸𝑛 , k∈ 𝑅. 

III. PROPERTIES OF FUZZY SET VALUED CONTINOUS FUNCTION 

The usual definition of continuity of mappings between metric spaces will be used. 

3.1 Definition [1]: A fuzzy set valued mapping 𝐹: 𝑇 → 𝐸𝑛 is continuous at 𝑡0 ∈ 𝑇 if for every 𝜀 > 0, ∃ 𝛿 = 𝛿 𝑡0, 𝜀 > 0 

𝑑∞ 𝐹 𝑡 , 𝐹(𝑡0) < 𝜀 , with   ⃦⃦ 𝑡 –𝑡0 ⃦<𝛿,  ∀ 𝑡 ∈ 𝑇. 

Equivalently, 

A  Fuzzy set valued mapping 𝐹: 𝑇 → 𝐸𝑛 is continuous at 𝑡0 ∈ 𝑇 if for each open sphere 𝑆𝜀 𝐹 𝑡0    centered at  𝑡0  , there 

exists open sphere 𝑆𝛿 𝑡0  centered at 𝑡0 ∋ 𝐹(𝑆𝛿(𝑡0))  ⊂  𝑆𝜀(𝐹(𝑡0))∀ 𝑡 ∈ 𝑇. 

A Fuzzy set valued mapping 𝐹 is said to be continuous if it is continuous at each point of 𝑇. 

3.2 Definition [2] 

A mapping 𝐹: 𝑇 → 𝐸𝑛  is levelwise continuous at 𝑡0 ∈ 𝑇, if the set-valued mapping 𝐹𝛼 𝑡 = [𝐹(𝑡)]𝛼  for all 𝛼 ∈ 𝐼, is 

continuous at 𝑡 = 𝑡0 w.r.t. the Hausdorff metric 𝑑𝐻.i.efor each𝜀 > 0, ∃ 𝛿 = 𝛿 𝑡0, 𝜀 > 0 ∋ 𝑑𝐻 [𝐹(𝑡)]𝛼 , [𝐹(𝑡0)]𝛼 < 𝜀 ,with ⃦⃦ 𝑡 

–𝑡0 ⃦< 𝛿, ∀ 𝑡 ∈ 𝑇, 𝛼 ∈ 𝐼. 
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A fuzzy set valued mapping 𝐹: 𝑇 → 𝐸𝑛 is defined levelwise uniformly in  𝛼 ∈ 𝐼.  

Next , we discuss certain Properties of Fuzzy set valued continuous Functions. 

3.3 Theorem  

 Let(𝑇,   ⃦ .   ⃦)  and 𝐸𝑛 , 𝑑∞  be metric spaces. If Fuzzy set valued mapping 𝐹, 𝐺: 𝑇 → 𝐸𝑛  are continuous on 𝑇 then the Fuzzy 

set valued mapping 

(i) 𝐹 + 𝐺is continuous  on  𝑇. 

(ii)𝑐𝐹, 𝑐 ∈ 𝑅 − {0} is continuous  on 𝑇. 

Proof: (i)Let (𝑇,   ⃦ .   ⃦)  and  𝐸𝑛 , 𝑑∞  be metric spaces and 𝐹, 𝐺: (𝑇,   ⃦ .   ⃦)  →  𝐸𝑛 , 𝑑∞  be Fuzzy set valued  continuous 

functions on 𝑇. Let 𝜀 > 0 be given and  𝑡0 ∈ 𝑇 be fixed. 

 Since Fuzzy set valued mapping 𝐹,𝐺: 𝑇 → 𝐸𝑛are  continuous at 𝑡0 ∈ 𝑇, therefore for each 𝜀 > 0∃ 𝛿1 𝑡0, 𝜀 , 𝛿2 𝑡0, 𝜀 > 0
 

𝑑∞ 𝐹(𝑡), 𝐹(𝑡0) < 𝜀/2 with ⃦⃦𝑡 –𝑡0 ⃦<𝛿1 

and𝑑∞ 𝐺(𝑡), 𝐺(𝑡0) < 𝜀/2   with     ⃦⃦𝑡 –𝑡0 ⃦<𝛿2, ∀ 𝑡 ∈ 𝑇 . 

𝑖. 𝑒  sup⁡{𝑑𝐻 [𝐺(𝑡)]𝛼 , [𝐺(𝑡0)]𝛼 │𝛼 ∈ 𝐼 } < 𝜀/2,∀𝛼 ∈ 𝐼, 𝑡 ∈ 𝑇 with ⃦⃦𝑡 –𝑡0 ⃦<𝛿2 

𝑖. 𝑒 ⁡𝑑𝐻 [𝐺(𝑡)]𝛼 , [𝐺(𝑡0)]𝛼 < 𝜀/2, ∀𝛼 ∈ 𝐼, 𝑡 ∈ 𝑇 with ⃦⃦𝑡 –𝑡0 ⃦<𝛿2 

Similarly,⁡𝑑𝐻 [𝐹(𝑡)]𝛼 , [𝐹(𝑡0)]𝛼 < 𝜀/2, ∀𝛼 ∈ 𝐼, 𝑡 ∈ 𝑇 with    ⃦⃦𝑡 –𝑡0 ⃦<𝛿1 

Choose 𝛿 = min⁡{𝛿1, 𝛿2} 

𝑑𝐻 [𝐹 𝑡 + 𝐺(𝑡)]𝛼 , [𝐹 𝑡0 + 𝐺(𝑡0)]𝛼  

= 𝑑𝐻( 𝐹 𝑡  𝛼 +  𝐺 𝑡  𝛼 ,  𝐹 𝑡0  
𝛼 +  𝐺 𝑡0  

𝛼)(by (2.3)) 

≤ 𝑑𝐻  𝐹 𝑡  
𝛼 +  𝐹 𝑡0  

𝛼 + 𝑑𝐻( 𝐺(𝑡) 𝛼 +  𝐺 𝑡0  
𝛼) 

< 𝜀/2+ 𝜀/2= 𝜀.  ∀𝛼 ∈ 𝐼, 𝑡 ∈ 𝑇 with     ⃦⃦𝑡 –𝑡0 ⃦< 𝛿 

sup⁡{𝑑𝐻 [𝐹 𝑡 + 𝐺(𝑡)]𝛼 , [𝐹 𝑡0 + 𝐺(𝑡0)]𝛼 │𝛼 ∈ 𝐼 } < 𝜀with ⃦⃦𝑡 –𝑡0 ⃦< 𝛿 

Therefore 𝐹 + 𝐺 is continuous at  𝑡0 ∈ 𝑇. But  𝑡0  is an arbitrary point. 

Hence  𝐹 + 𝐺is  continuous on 𝑇. 

Proof (ii): 

Claim:𝑐𝐹, 𝑐 ∈ 𝑅 − {0}is  continuous  on 𝑇. 

Let  𝑡0 ∈ 𝑇 be fixed. 

 Since 𝐹: 𝑇 → 𝐸𝑛 is  continuous at 𝑡0 ∈ 𝑇, therefore for given𝜀 > 0, ∃  𝛿  𝑡0, 𝜀 > 0
 

𝑑∞ 𝐹(𝑡), 𝐹(𝑡0) <
𝜀

│𝑐│
with ⃦⃦𝑡 –𝑡0 ⃦<𝛿, ∀𝑡 ∈ 𝑇 

i.esup⁡{𝑑𝐻 [𝐹(𝑡)]𝛼 , [𝐹(𝑡0)]𝛼 │𝛼 ∈ 𝐼 } <
𝜀

│𝑐│
, ∀𝛼 ∈ 𝐼, 𝑡 ∈ 𝑇 with⃦⃦𝑡 –𝑡0 ⃦< 𝛿 

∴  𝑑𝐻 [𝐹(𝑡)]𝛼 , [𝐹(𝑡0)]𝛼 <
𝜀

│𝑐│
, ∀𝛼 ∈ 𝐼, 𝑡 ∈ 𝑇 with ⃦⃦𝑡 –𝑡0 ⃦< 𝛿, 

Now,  𝑑𝐻  𝑐𝐹 𝑡  
𝛼 +  𝑐𝐹 𝑡0  

𝛼  
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= │𝑐│𝑑𝐻( 𝐹 𝑡  𝛼 +  𝐹 𝑡0  
𝛼) 

<│𝑐│
𝜀

│𝑐│
= 𝜀.  ∀𝛼 ∈ 𝐼, 𝑡 ∈ 𝑇 with     ⃦⃦𝑡 –𝑡0 ⃦<𝛿 

Therefore, sup⁡{𝑑𝐻 [𝐹(𝑡)]𝛼 , [𝐹(𝑡0)]𝛼 │𝛼 ∈ 𝐼 } <  𝜀 

Hence, 𝑑∞ 𝑐𝐹(𝑡), 𝑐𝐹(𝑡0) <   𝜀, ∀𝛼 ∈ 𝐼, 𝑡 ∈ 𝑇 with   ⃦⃦𝑡 –𝑡0 ⃦< 𝛿 

Therefore, 𝑐𝐹is continuous at  𝑡0 ∈ 𝑇. But  𝑡0  is an arbitrary  point. Hence 𝑐𝐹is  continuous on  𝑇. □ 

3.4 Theorem  

IfFuzzy set valued mappings 𝐹: (𝑇,   ⃦ .   ⃦)  →  𝐸𝑛 , 𝑑∞    and 𝐺:  𝐸𝑛 , 𝑑∞  →  𝐸𝑛 , 𝑑∞ are  continuous then Fuzzy set valued 

mapping𝐺𝑜𝐹: 𝑇 → 𝐸𝑛   is continuous. 

Proof:Let(𝑇,   ⃦ .   ⃦) and  𝐸𝑛 , 𝑑∞   be metric  spaces and 𝐹: 𝑇 → 𝐸𝑛  and  G: 𝐸𝑛 → 𝐸𝑛   be continuous. 

Let    𝜀 > 0  be given and  𝑡0 ∈ 𝑇be  fixed. Let 𝑦0 = 𝐹( 𝑡0) ∈ 𝐸𝑛 . 

Since 𝐺 is continuous at 𝑦0, ∃  𝛿  𝑡0, 𝜀 > 0
 

𝑑∞ 𝑦, 𝑦0 <  𝛿 ⇒  𝑑∞ 𝐺 𝑦 ,𝐺 𝑦0  < 𝜀                                                (3.1) 

Further, Since 𝐹  is continuous at 𝑡0,  for given   𝛿  𝑡0, 𝜀 > 0∃ 𝜂 > 0  
 

⃦⃦𝑡 –𝑡0 ⃦<  𝜂 ⇒  𝑑∞ 𝐹 𝑡 , 𝐹 𝑡0  <  𝛿                                                 (3.2) 

Now from (3.1) & (3.2), for given 𝜀 > 0, ∃ 𝜂 > 0  
 

⃦⃦𝑡 –𝑡0 ⃦<  𝜂 ⇒  𝑑∞  𝐺 𝐹 𝑡  , 𝐺 𝐹 𝑡0   <  𝜀 

⇒ 𝑑∞  𝐺𝑜𝐹  𝑡 , (𝐺𝑜𝐹)(𝑡0) <  𝜀 

Therefore  𝐺𝑜𝐹  is continuous at  𝑡0. But  𝑡0  is an arbitrary point.Hence  𝐺𝑜𝐹is  continuouson 𝑇. □ 

Next, we define a special type of Fuzzy set valued uniformly continuous function and levelwise uniformly continuous 

function. 

IV. PROPERTIES OF FUZZY SET VALUED UNIFORMLY CONTINOUS FUNCTION 

 

4.1 Definition  

Let (𝑇,   ⃦ .   ⃦)  and  𝐸𝑛 , 𝑑∞  be metric spaces.A fuzzy set valued function 𝐹: 𝑇 → 𝐸𝑛 is said to be uniformly continuous if for 

every 𝜀 > 0, ∃ 𝛿 = 𝛿 𝜀 > 0 𝑑∞ 𝐹 𝑡1 , 𝐹(𝑡2) < 𝜀 with   ⃦⃦ 𝑡1 –𝑡2 ⃦< 𝛿,   ∀ 𝑡1, 𝑡2 ∈ 𝑇. 

4.2 Definition  

 A fuzzy set valued function𝐹: 𝑇 → 𝐸𝑛  is levelwise uniformly continuous on  𝑇, if the set-valued mapping 𝐹𝛼 𝑡 = [𝐹(𝑡)]𝛼 , 

for all 𝛼 ∈ 𝐼, is uniformly continuous on 𝑇 w.r.t. the Hausdorff metric 𝑑𝐻.i.e. 

For every 𝜀 > 0, ∃ 𝛿 = 𝛿 𝜀 > 0 ∋ 𝑑𝐻 [𝐹(𝑡1)]𝛼 , [𝐹(𝑡2)]𝛼 < 𝜀,with  ⃦⃦  𝑡1 –𝑡2 ⃦< 𝛿, ∀ 𝑡1, 𝑡2 ∈ 𝑇, ∀𝛼 ∈ 𝐼. 
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4.3 Remark 

 In the definition of Fuzzy set valued continuous function 𝛿 depends on 𝜀 and fixed point 𝑡0,While in the definition of Fuzzy 

set valued uniformly continuous function, 𝛿 depends only on 𝜀, not a particular point. So trivially, every uniformly 

continuous function is continuous, but the converse does not hold. 

4.4 Theorem  

 Let (𝑇,   ⃦ .   ⃦)  and  𝐸𝑛 , 𝑑∞  be metric spaces. If Fuzzy set valued mapping 𝐹,𝐺: 𝑇 → 𝐸𝑛  are uniformly continuous on  𝑇then  

Fuzzy set valued mapping 

(i) 𝐹 + 𝐺is uniformly  continuous  on  𝑇. 

(ii)𝑐𝐹, 𝑐 ∈ 𝑅 − {0} is  uniformly continuous  on 𝑇. 

Proof: (i) Since Fuzzy set valued mapping 𝐹, 𝐺: 𝑇 → 𝐸𝑛  are uniformly  continuous on 𝑇, therefore for each 𝜀 >

0∃ 𝛿1 𝜀 , 𝛿2 𝜀 > 0 ∋ 𝑑∞ 𝐹(𝑡1), 𝐹(𝑡2) < 𝜀/2   with     ⃦⃦𝑡1 –𝑡2 ⃦<𝛿1 

and𝑑∞ 𝐺(𝑡1), 𝐺(𝑡2) < 𝜀/2   with  ⃦⃦𝑡1 –𝑡2 ⃦<𝛿1, ∀ 𝑡 ∈ 𝑇  respectively. 

𝑖. 𝑒  sup⁡{𝑑𝐻 [𝐺(𝑡1)]𝛼 , [𝐺(𝑡2)]𝛼 │𝛼 ∈ 𝐼 } < 𝜀/2, ∀𝛼 ∈ 𝐼, 𝑡 ∈ 𝑇 with ⃦⃦𝑡1 –𝑡2 ⃦<𝛿2 

𝑖. 𝑒 ⁡𝑑𝐻 [𝐺(𝑡1)]𝛼 , [𝐺(𝑡2)]𝛼 < 𝜀/2, ∀𝛼 ∈ 𝐼, 𝑡 ∈ 𝑇 with ⃦⃦𝑡1 –𝑡2 ⃦<𝛿2 

Similarly,⁡𝑑𝐻 [𝐹(𝑡1)]𝛼 , [𝐹(𝑡2)]𝛼 < 𝜀/2, ∀𝛼 ∈ 𝐼, 𝑡 ∈ 𝑇 with ⃦⃦𝑡1 –𝑡2 ⃦<𝛿1 

Choose  𝛿 = min⁡{𝛿1, 𝛿2} 

𝑑𝐻 [𝐹 𝑡1 + 𝐺(𝑡1)]𝛼 , [𝐹 𝑡2 + 𝐺(𝑡2)]𝛼  

= 𝑑𝐻( 𝐹 𝑡1  
𝛼 +  𝐺 𝑡1  

𝛼 ,  𝐹 𝑡2  
𝛼 +  𝐺 𝑡2  

𝛼) 

≤ 𝑑𝐻  𝐹 𝑡1  
𝛼 +  𝐹 𝑡2  

𝛼 + 𝑑𝐻( 𝐺(𝑡1) 𝛼 +  𝐺 𝑡2  
𝛼) 

< 𝜀/2+ 𝜀/2= 𝜀.  ∀𝛼 ∈ 𝐼, 𝑡 ∈ 𝑇 with  ⃦⃦𝑡1 –𝑡2 ⃦< 𝛿 

sup⁡{𝑑𝐻 [𝐹 𝑡1 + 𝐺(𝑡1)]𝛼 , [𝐹 𝑡2 + 𝐺(𝑡2)]𝛼 │𝛼 ∈ 𝐼 } < 𝜀with ⃦⃦𝑡1 –𝑡2 ⃦< 𝛿 

Hence  𝐹 + 𝐺is  continuous  on 𝑇. □ 

Proof (ii):Followed fromTheorem 3.3 (ii)& Theorem 3.8 (i). 

4.5 Proposition  

IfFuzzy set valued mappings𝐹: (𝑇,   ⃦ .   ⃦)  →  𝐸𝑛 , 𝑑∞   and 𝐺:  𝐸𝑛 , 𝑑∞  →  𝐸𝑛 , 𝑑∞   areuniformly continuous function then 

Fuzzy set valued mapping𝐺𝑜𝐹: 𝑇 → 𝐸𝑛   is uniformly continuous. 

Proof : Similar to Theorem 3.4. 

4.6 Proposition  

Let (𝑇,   ⃦ .   ⃦)  and  𝐸𝑛 , 𝑑∞  be metric spaces. Let 𝐹𝑛 : 𝑇 → 𝐸𝑛  be a sequence of Fuzzy set valued uniformly continuous 

functions. If   {𝐹𝑛}  converges uniformly to  𝐹, then 𝐹 is Fuzzy set valued uniformly continuous function. 

Proof :Let (𝑇,   ⃦ .   ⃦)  and  𝐸𝑛 , 𝑑∞  be metric spaces. Let 𝐹𝑛 : 𝑇 → 𝐸𝑛  be a sequence of Fuzzy set valued uniformly continuous 

functions and  {𝐹𝑛}  converges uniformly to  𝐹 

Claim :𝐹 is Fuzzy set valued uniformly continuous function. 
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Let 𝜀 > 0  be given. Since {𝐹𝑛}  converges uniformly to  𝐹, for given 𝜀 > 0, ∃ positive integer N ∋ 

𝑑∞ 𝐹𝑛(𝑠), 𝐹(𝑠) <
𝜀

3
 ∀ 𝑛 ≥ 𝑁, ∀ 𝑠 𝜖 𝑇. 

Also since𝐹𝑛  is a Fuzzy set valued uniformly continuous function, ∃𝛿 > 0 ∋ 

⃦⃦ 𝑡 –s   ⃦<  𝛿 ⇒  𝑑∞ 𝐹𝑛 𝑡 , 𝐹𝑛 𝑠  <
𝜀

3
,   ∀ 𝑡, 𝑠 𝜖 𝑇. 

Hence, for    ⃦⃦ 𝑡 –s   ⃦<  𝛿, 

𝑑∞ 𝐹(𝑡), 𝐹(𝑠)   ≤ 𝑑∞ 𝐹(𝑡), 𝐹𝑛(𝑡) +  𝑑∞ 𝐹𝑛 𝑡 , 𝐹𝑛 𝑠  + 𝑑∞ 𝐹𝑛(𝑠), 𝐹(𝑠)  

<
𝜀

3
+

𝜀

3
+

𝜀

3
 ,  ∀ 𝑡, 𝑠 𝜖 𝑇. 

 Hence, 𝐹 is Fuzzy set valued uniformly continuous function on. □ 

V.FUZZY SET VALUED LOCALLY UNIFORMLY CONTINOUS FUNCTION 

Now we study the concept of locally uniformly continuous functions of Fuzzy set valued mapping on metric spaces. This 

concept is stronger than continuity and weaker than uniform continuity of Fuzzy set valued mapping. As continuity and 

uniform continuity coincide on compact space [4], continuity and local uniform continuity coincide on locally compact 

space[5]. The same concepts, it can be seen for Fuzzy set valued mapping.i.e  As continuity and uniform continuity of Fuzzy 

set valued mapping coincide on compact space [3], continuity and local uniform continuity of Fuzzy set valued mapping 

coincide on locally compact space (Theorem 4.4). 

5.1 Definition.  Locally uniformly continuous Function: 

Let (𝑇,   ⃦ .   ⃦)  and  𝐸𝑛 , 𝑑∞  be metric spaces. A fuzzy set valued mapping 𝐹: 𝑇 → 𝐸𝑛  is said to be locally uniformly 

continuous at a point 𝑡 𝜖 𝑇if there exists a neighborhood 𝑈of 𝑡 on which 𝐹 is uniformly continuous. If 𝐹 is locally uniformly 

continuous at each point of 𝑇, then𝐹 is locally uniformly continuous on 𝑇. 

If  𝐹 is locally uniformly continuous at no point of 𝑇 then 𝐹 is nowhere locally uniformly continuous. i.e if 𝐹 is uniformly 

continuous on no open set of 𝑇 then 𝐹 is nowhere locally uniformly continuous.  

Next, we discuss some elementary properties of locally uniformly continuous functions. 

5.2 Theorem 

Let(𝑇,   ⃦ .   ⃦)  and  𝐸𝑛 , 𝑑∞  be metric spaces. If fuzzy set valued mapping 𝐹: 𝑇 → 𝐸𝑛  is uniformly continuous then 𝐹 is locally 

uniformly continuous. 

Proof: Let  (𝑇,   ⃦ .   ⃦)  and  𝐸𝑛 , 𝑑∞  be metric spaces and fuzzy set valued mapping 𝐹: 𝑇 → 𝐸𝑛  be uniformly continuous. Let 

𝑡 𝜖 𝑇. Choose the nbhd 𝑈 = 𝑇 of 𝑡.Then𝐹 is uniformly continuous on 𝑇. Hence the theorem.□ 

5.3 Theorem  

Let (𝑇,   ⃦ .   ⃦)  and  𝐸𝑛 , 𝑑∞  be metric spaces. If fuzzy set valued mapping 𝐹: 𝑇 → 𝐸𝑛  is locally uniformly continuous then 𝐹 

is continuous. 

Proof: Let  (𝑇,   ⃦ .   ⃦)  and  𝐸𝑛 , 𝑑∞  be metric spaces and fuzzy set valued mapping 𝐹: 𝑇 → 𝐸𝑛  be locally uniformly 

continuous.  
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Claim: 𝐹 is continuous. 

Let    𝜀 > 0  be given and 𝑡0  𝜖 𝑇 be fixed. Now since 𝐹 is locally uniformly continuous, ∃ nbhd 𝑈 of  𝑡0 ∋ 𝐹: 𝑈 → 𝐸𝑛  is 

uniformly continuous. Choose 𝑟 > 0 ∋  𝑆𝑟 𝑡0 ⊂ 𝑈. Then𝐹:  𝑆𝑟 𝑡0 → 𝐸𝑛  is uniformly continuous. Therefore, ∃  𝛿1 > 0 ∋ 

⃦⃦ 𝑡 – s   ⃦ < 𝛿1 ⇒ 𝑑∞ 𝐹(𝑡), 𝐹(𝑠) < 𝜀( 𝑡, 𝑠 𝜖  𝑆𝑟 𝑡0  )                               (4.1) 

Let  𝛿 = min 𝛿1, 𝑟  . Then, by (4.1) and by taking = 𝑡0 , we get 

⃦⃦ 𝑡 – 𝑡0   ⃦ < 𝛿  ⇒ 𝑑∞ 𝐹(𝑡), 𝐹(𝑡0) < 𝜀 

Therefore, 𝐹  is continuous at 𝑡0.But𝑡0 is an arbitrary point. Hence, 𝐹  is continuous on 𝑇. □ 

5.4 Theorem  

Let 𝑇 be a locally compact metric space and 𝐸𝑛  be metric space. If Fuzzy set valued mapping𝐹: 𝑇 → 𝐸𝑛   is continuous then 𝐹 

is locally uniformly continuous. 

Proof  :Let 𝑇 be a locally compact metric space, 𝐸𝑛  be a metric space and Fuzzy set valued mapping 𝐹: 𝑇 → 𝐸𝑛   be 

continuous. 

Claim: 𝐹 is locally uniformly continuous. 

Let 𝑡0  ∈ 𝑇. Now since 𝑇is  locally compact, there exists compact set 𝐶 which contains some nbhd 𝑈 of 𝑡0. Therefore, 𝐹: 𝐶 →

𝐸𝑛  is uniformly continuous as 𝐹 is continuous on 𝑇. Then its restriction 𝐹│𝐶 is continuous on 𝐶. 

Since 𝑡0  ∈ 𝑇 ⊂ 𝐶, 𝐹 is uniformly continuous on 𝑇 which is a nbhd of  𝑡0. Therefore, 𝐹  is locally uniformly continuous at 

𝑡0.But𝑡0 is an arbitrary point. Hence, 𝐹  is locally uniformly continuous on 𝑇. □ 

5.5 Theorem  

Let  (𝑇,   ⃦ .   ⃦)  and  𝐸𝑛 , 𝑑∞  be metric spaces. If Fuzzy set valued mapping 𝐹,𝐺: 𝑇 → 𝐸𝑛  are locally uniformly continuous on  

𝑇then   Fuzzy set valued mapping 

(i) 𝐹 + 𝐺is locally uniformly  continuous  on  𝑇. 

(ii) 𝑐𝐹, 𝑐 ∈ 𝑅 − {0} is locally  uniformly continuous  on 𝑇. 

Proof :Let  (𝑇,   ⃦ .   ⃦) be a metric space and Fuzzy set valued mapping 𝐹,𝐺: 𝑇 → 𝐸𝑛  be locally uniformly continuous. 

Claim (i):𝐹 + 𝐺  is locally uniformly continuous. 

Let    𝜀 > 0  be given and 𝑡 𝜖 𝑇 be fixed. Now since 𝐹 is locally uniformly continuous at 𝑡, ∃ nbhd𝑈𝑡  of  𝑡 ∋ 𝐹 is uniformly 

continuous on 𝑈𝑡 . Further, since 𝐺 is locally uniformly continuous at 𝑡, ∃ nbhd𝑉𝑡  of  𝑡 ∋ 𝐺 is uniformly continuous on 𝑉𝑡 . 

Let 𝑊𝑡 = 𝑈𝑡 ∩ 𝑉𝑡 . Then by theorem 3.8(i), 𝐹 + 𝐺  is locally uniformly  continuous on 𝑊𝑡   which is a nbhd of 𝑡. Therefore, 

𝐹 + 𝐺  is locally uniformly  continuous at  𝑡. But  𝑡 is an arbitrary point of 𝑇. Hence 𝐹 + 𝐺  is locally uniformly  continuous 

function on 𝑇. 

Claim (ii): 𝑐𝐹, 𝑐 ∈ 𝑅 − {0} is locally uniformly continuous. 
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Let    𝜀 > 0  be given and 𝑡 𝜖 𝑇 be fixed. Now since 𝐹 is locally uniformly continuous at 𝑡, ∃ nbhd𝑈𝑡  of  𝑡 ∋ 𝐹 is uniformly 

continuous on 𝑈𝑡and 𝑐 ∈ 𝑅 − {0}. Therefore by theorem 3.8(ii), 𝑐𝐹 is   uniformly continuous on 𝑈𝑡  which is a nbhd of 𝑡. 

But  𝑡 is an arbitrary point of 𝑇. 𝑐𝐹, 𝑐 ∈ 𝑅 − {0} is locally  uniformly continuous  on 𝑇.□ 

5.6 Theorem  

IfFuzzy set valued mappings𝐹: (𝑇,   ⃦ .   ⃦)  →  𝐸𝑛 , 𝑑∞    and 𝐺:  𝐸𝑛 , 𝑑∞  →  𝐸𝑛 , 𝑑∞ are  locally uniformly continuous 

function then Fuzzy set valued mapping 𝐺𝑜𝐹: 𝑇 → 𝐸𝑛   is  locally uniformly continuous. 

Proof :Let(𝑇,   ⃦ .   ⃦) and  𝐸𝑛 , 𝑑∞   be metric  spaces and 𝐹: 𝑇 → 𝐸𝑛  and  G: 𝐸𝑛 → 𝐸𝑛   be locally uniformly continuous. 

Claim: 𝐺𝑜𝐹: 𝑇 → 𝐸𝑛   is locally uniformly continuous. i.e. To show that if 𝐹 is locally uniformly continuous at  𝑥0 and 𝐺 is  

locally uniformly continuous at 𝐹( 𝑥0)  then  𝐺𝑜𝐹 is  locally uniformly continuous at  𝑥0 . 

Now since𝐺 is locally uniformly continuous at 𝐹  𝑥0 = 𝑦0, ∃ nbhd𝑉𝑦  of  𝑦0 ∋ 𝐺 is uniformly continuous on 𝑉𝑦 . Further, 

since 𝐹 is locally uniformly continuous at  𝑥0, ∃ nbhd𝑈𝑥  (where𝐹(𝑈𝑥) ⊂  𝑉𝑦  )of  𝑥0 ∋  𝐹 is uniformly continuous on 𝑈𝑥 . 

Also we have 𝐺 is uniformly continuous on 𝐹(𝑈𝑥)  as 𝐺 is uniformly continuous on 𝑉𝑦and  𝑈𝑥 ⊂  𝑉𝑦  . Therefore, by 

theorem 3.9,𝐺𝑜𝐹 is uniformly continuous on 𝑈𝑥  , a nbhd of  𝑥0. Therefore, 𝐺𝑜𝐹is  locally uniformly continuous at  𝑥0. But 

 𝑥0is  an arbitrary. Hence, 𝐺𝑜𝐹 is   locally uniformly continuous on 𝑇. □ 

CONCLUSION 

From the above study, it can be seen that the collection of all Fuzzy set valued continuous function, uniformly continuous 

functions and locally uniformly continuous functions have many interesting properties on a metric space. 
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