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1. INTRODUCTION

When we deal with metric space in Fuzzy space, there are some interesting types of Fuzzy set valued continuous function and
Fuzzy set valued levelwise continuous function on them. It is well known that every uniformly continuous function is
continuous but converse does not hold. We want to discuss same concept for Fuzzy set valued mapping. Also introduced a
new type of continuous function viz. Fuzzy set valued locally uniformly continuous function and study some results on
Fuzzy space E™.

Il. PRELIMINARIES [1]

Let P,(R™) denote the family of all nonempty compact convex subsets of R™ and define the addition and scalar
multiplication in P, (R™) as usual. Let A and B be nonempty subsets of R™.The distance between A and B is defined by
the Hausdorff metric,

dy (A, B) = max{d};(A,B), dj;(B,A)} , Where d};(B,A) = inf{e > 0: BcA + £5]'}

whereS} the closed unit ball in R™.Note that A + £SJ' = S.(A).Then it is clear that (P, (R™), dy) becomes a complete metric
space.

Also for0 < @ <1, Denote a-level set [f]% = {x € R" | f(x) = a}. Then,[f]® € P, (R™).

Next we denote by E™ the space of all fuzzy sets which are normal, fuzzy convex, have compact level sets and are upper
semicontinuous functions from R™into [0,1]

2.1.Definition

Denote the Fuzzy spaceE™ = {f:R™ — [0,1] | u satisfies (i) — (iv) below}, Where

Q) f is normal, i.e. there exists an x, € R™ such that f (x,) = 1.
(i) f is fuzzy convex, i.e.f(Ax + (1 — D)y) = minf (x), f(y)} forany x,y e R* and 0 < 1 < 1,
(iii) f is upper semi continuous,

(iv) [£]1° = cl{x € R" | f(x) > 0}is compact.
2.2 Remarks[1]

(i) Here we consider mappings F from a domain T in R* into the space E™ of fuzzy sets on R"*. Thus F:T — E™", i.e
F(t) € E" ,vt € T. We shall call such a mapping F a fuzzy set valued mapping of K real variables.
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(i) According to Zadeh’s extension principle, we define addition and scalar multiplication of fuzzy sets as:F: T — E",G: T -
E", Define F(t) = F,,G(t) = G,, Vt €T.

(Fi+G)(2) = sup,_pqy min{F,(x), G, (»)}(2.1)
and  (cF)(z) = F.(?/) (2.2)

We shall define addition and scalar multiplication of Fuzzy sets in E™levelwise and these are equivalent to the following
level set definitions (2.3) and (2.4) respectively.

i.e for F,,G, € E™ andc € R — {0}

[Fe + G ]* = [F]% + [G¢]* (2.3)
and [cF]* = c[F]*Va € I(2.4)

2.3 Proposition
If F,,G, € E™ and c € R —{0}then F, + G,= F, + G,and cF, = cF,.

2.4 Proposition
E™ is closed under addition (2.3) and scalar multiplication (2.4).

2.5 Definition [1]

The supremum metric d., on E™is defined by

de (Fy, G,) = sup{dy ([F]% [G.]*): a € I}for all F,, G, € E™.

Then clearly, (i) (E™,d.,)is a complete metric space.

(i) do (kF, kG,) = | k| dw (F,, G,), VF,, G, € E", kE R.
I11. PROPERTIES OF FUZZY SET VALUED CONTINOUS FUNCTION

The usual definition of continuity of mappings between metric spaces will be used.

3.1 Definition [1]: A fuzzy set valued mapping F:T — E™is continuous at t, € T if for every ¢ > 0,38 = §(ty, ) > 03
de, (F(t),F(ty)) < e,with|| t —tj<8, Vvt €T.

Equivalently,

A Fuzzy set valued mapping F: T — E™is continuous at t, € T if for each open sphere SE(F(tO)) centered at (¢,) , there
exists open sphere S5 (t,) centered at ty 3 F(S5(tg)) < S.(F(t))VteT.

A Fuzzy set valued mapping F is said to be continuous if it is continuous at each point of T.
3.2 Definition [2]

A mapping F:T — E™ is levelwise continuous at t, € T, if the set-valued mapping F,(t) = [F(t)]* for all a €1, is
continuous at t = t, w.r.t. the Hausdorff metric dj i.efor eache > 0,3 6 = §(ty, &) > 0 3 dy ([F(£)]%, [F(tx)]%) < &, withj t
~tfj<8,VteT,a €l
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A fuzzy set valued mapping F: T — E™is defined levelwise uniformly in « € I.
Next , we discuss certain Properties of Fuzzy set valued continuous Functions.

3.3 Theorem

Let(T,||.|) and(E™,d.) be metric spaces. If Fuzzy set valued mapping F,G:T — E™ are continuous on T then the Fuzzy
set valued mapping

(i F + Gis continuous on T.
(if)cF,c € R — {0} is continuous onT.

Proof: (i)Let (T,].]) and (E™ d.) be metric spaces and F,G: (T,||.||) — (E",d,) be Fuzzy set valued continuous
functionson T. Let € > 0 be given and t, € T be fixed.

Since Fuzzy set valued mapping F,G: T — E™are continuous at t, € T, therefore for each £ > 03 8, (¢, €), 8, (ty, ) > 02
de (F(t), F(ty)) < €/2 withit —tj<8;
andd,, (G(t),G(ty)) < €/2 with ||t —t|<b,, VtET.
i.e supdy ([G()]% [G(tx)]%) | a€l}<eg/2,VacelteT witlit —tjj<d,

Leldy([G]Y [G(t)]Y) < e/2,Va € 1,t € T witht —t{|<8,

Similarly,fdy ([F(0)]%, [F(t)]%) < €/2,Va € I,t € T with ||t —t]j<d;

Choose § = mini{d;, 5,}

dy([F(£) + G(O]% [F(to) + G(to)]")
= dy([FO1* + [6(O]%, [F(£)]* + [G(£0)]1)(by (2.3))
< dy([F®1* + [F(t)]?) + dy ([G(B)]* + [G(£)]%)
<g/2+e/2=¢e. Va€el,t eTwith ||t-t<d

supdy ([F(t) + G()]%, [F(ty) + G(t)]%) | a €1} < ewitht —t< é

Therefore F + G is continuous at t, € T. But ¢, is an arbitrary point.

Hence F + Gis continuous on T.

Proof (ii):

Claim:cF, ¢ € R — {0}is continuous onT.

Let t, € T be fixed.

Since F: T — E™is continuous at t, € T, therefore for givene > 0,3 & (¢y, &) > 02
de, (F(t),F(ty)) < ﬁwitnt —t§j<8,Vt €T
i.esupdy,; ([F(D)]%, [F(t)]®) |a €1} < ﬁ,‘v’a €t €Twitht —tj< b
~ dy([FOI% [F(t)]®) < ﬁ,\m € 1,t € T withjt —tj< 4,
Now, dy([cF(O)]* + [cF(to)]*)
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= || dy(IFD1= + [F(£)]%)

<|c|Er=e Vael,teTwith |t—tf<s
[e]

Therefore, supdi,; ([F(0)]%, [F(t)]%) |a €1} < €

Hence, do, (cF(t),cF(ty)) < & Va €l,t € T with ||t —t|j< 6

Therefore, cFis continuous at t, € T. But t, is an arbitrary point. Hence cFis continuouson T.o
3.4 Theorem

IfFuzzy set valued mappings F: (T,||.|]) - (E™, d) and G:(E",d.,) — (E™, d,)are continuous then Fuzzy set valued
mappingGoF:T — E™ is continuous.

Proof:Let(T, || .|]) and (E™,d.) be metric spacesand F:T — E™ and G: E™ — E™ be continuous.
Let &> 0 begivenand t, € The fixed. Lety, = F(t,) € E".

Since G is continuous at y,, 3 & (tg, &) > 02

doo(y,70) < 8 = de(G(),G(0)) <€ 3.1

Further, Since F is continuous at t,, for given & (ty,e) >03n >0 2

It —td< n = do(F(©),F(ty)) < & (3.2)

Now from (3.1) & (3.2), for givene > 0,3n >0 3

It -th< n = de (G(F(t)),G(F(tO))) <e
= d,,((GoF)(t),  (GoF)(ty)) < &

Therefore GoF is continuous at t,. But t, isan arbitrary point.Hence GoFis continuouson T. o
Next, we define a special type of Fuzzy set valued uniformly continuous function and levelwise uniformly continuous
function.

IVV. PROPERTIES OF FUZZY SET VALUED UNIFORMLY CONTINOUS FUNCTION

4.1 Definition
Let (T,||.|) and (E™,d.) be metric spaces.A fuzzy set valued function F: T — E™is said to be uniformly continuous if for

every € > 0,368 = §(e) > 03d, (F(ty),F(ty)) < e with || t; —tl}< 8, Vity,t, €T.
4.2 Definition

A fuzzy set valued functionF:T — E™ is levelwise uniformly continuous on T, if the set-valued mapping F, (t) = [F(t)]%,
for all @ € I, is uniformly continuous on T w.r.t. the Hausdorff metric d i.e.

Foreverye > 0,368 = 6(e) > 03 dy([F(t)]% [F(t2)]*) < ewith|| t; —tlj< 8,V t1,t, € T,Va € I.
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4.3 Remark

In the definition of Fuzzy set valued continuous function § depends on € and fixed point t,,While in the definition of Fuzzy
set valued uniformly continuous function, & depends only on &, not a particular point. So trivially, every uniformly
continuous function is continuous, but the converse does not hold.

4.4 Theorem

Let (T,]|.]) and (E™,d.) be metric spaces. If Fuzzy set valued mapping F,G:T — E™ are uniformly continuous on Tthen
Fuzzy set valued mapping

(i) F + Gis uniformly continuous on T.
(ii)cF,c € R — {0} is uniformly continuous onT.

Proof: (i) Since Fuzzy set valued mapping F,G:T — E™ are uniformly continuous on T, therefore for each & >
03 51(8),62(8) >0> doo(F(tl),F(tz)) < 8/2 with ”t1 *tu<61

andd,, (G(t1),G(ty)) < £/2 with||t; —tl|<6;, Vt € T respectively.
i.e supddy, ([G(t)]% [G(t,)]%) |a € I} < &/2,Va € I, t € T withit, ~t§<6,
Similarly,dy ([F (t)]%, [F(t)]%) < €/2,Va € I,t € T with|t; —t}<8;

Choose § = min{d;, §,}
dy ([F(t) + G(e)]*, [F (&) + G(£2)]7)
=dy([F(eD]* + [G()]% [F(£)]* + [G(£2)]%)
< dy([F(tD]® + [F(£2)]%) + dy ([G(E)]* + [G(£2)]9)
<g/2+ef2=¢e. Va € I,t € Twith||t; —t<d

supifidy ([F(t,) + G(£)]%, [F (&) + G(£)]%) | a € 1} < ewithjt; < 5
Hence F + Gis continuous onT. o
Proof (ii):Followed fromTheorem 3.3 (ii)& Theorem 3.8 (i).

4.5 Proposition

IfFuzzy set valued mappingsF: (T, .|) - (E",ds,) and G: (E™,d,,) — (E™,d.) areuniformly continuous function then
Fuzzy set valued mappingGoF: T — E™ is uniformly continuous.

Proof : Similar to Theorem 3.4.
4.6 Proposition

Let (T,]|.]D) and (E",d.) be metric spaces. Let F,:T — E™ be a sequence of Fuzzy set valued uniformly continuous
functions. If {F,} converges uniformly to F,then F is Fuzzy set valued uniformly continuous function.

Proof :Let (T,]| .]|) and (E™,d.,) be metric spaces. Let E,: T — E™ be a sequence of Fuzzy set valued uniformly continuous
functions and {F,} converges uniformly to F

Claim :F is Fuzzy set valued uniformly continuous function.
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Let € > 0 be given. Since {F,} converges uniformly to F, for given € > 0, 3 positive integer N 3
dw(Fn(s),F(s))<§Vn2N, VseT.
Also sinceF, is a Fuzzy set valued uniformly continuous function, 36 > 0 3
| t-sli< & = du(E,(t), F(s)) <§, vtseT.
Hence, for ||t -s||< §,

Ao (F(£), F(5)) <do(F(£),F,(£)) + do(E,(t), F(5)) + do (F, (), F(5))

g & ¢
5+§+§, Vt,seT.

Hence, F is Fuzzy set valued uniformly continuous function on. o
V.FUZZY SET VALUED LOCALLY UNIFORMLY CONTINOUS FUNCTION

Now we study the concept of locally uniformly continuous functions of Fuzzy set valued mapping on metric spaces. This
concept is stronger than continuity and weaker than uniform continuity of Fuzzy set valued mapping. As continuity and
uniform continuity coincide on compact space [4], continuity and local uniform continuity coincide on locally compact
space[5]. The same concepts, it can be seen for Fuzzy set valued mapping.i.e As continuity and uniform continuity of Fuzzy
set valued mapping coincide on compact space [3], continuity and local uniform continuity of Fuzzy set valued mapping
coincide on locally compact space (Theorem 4.4).

5.1 Definition. Locally uniformly continuous Function:

Let (T,||.|D and (E™, d,) be metric spaces. A fuzzy set valued mapping F:T — E™ is said to be locally uniformly
continuous at a point t e Tif there exists a neighborhood Uof t on which F is uniformly continuous. If F is locally uniformly
continuous at each point of T, thenF is locally uniformly continuous on T.

If F is locally uniformly continuous at no point of T then F is nowhere locally uniformly continuous. i.e if F is uniformly
continuous on no open set of T then F is nowhere locally uniformly continuous.

Next, we discuss some elementary properties of locally uniformly continuous functions.
5.2 Theorem

Let(T,||.|) and (E",d.) be metric spaces. If fuzzy set valued mapping F: T — E™ is uniformly continuous then F is locally
uniformly continuous.

Proof: Let (T,||.|) and (E™,d.) be metric spaces and fuzzy set valued mapping F: T — E™ be uniformly continuous. Let
t e T. Choose the nbhd U = T of t.ThenF is uniformly continuous on T. Hence the theorem.o

5.3 Theorem

Let (T,|| .I) and (E™,d.) be metric spaces. If fuzzy set valued mapping F: T — E™ is locally uniformly continuous then F
is continuous.

Proof: Let (T,||.]) and (E™ d,) be metric spaces and fuzzy set valued mapping F:T — E™ be locally uniformly
continuous.
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Claim: F is continuous.

Let &> 0 be given and t, e T be fixed. Now since F is locally uniformly continuous,3 nbhd U of ty, 3 F:U — E™ is
uniformly continuous. Choose r > 0 3 S,(t;) < U.ThenF: S,.(t,) — E™ is uniformly continuous. Therefore,3 §; >0 3

[t-s|| <81 = dw(F(t),F(s)) < e(t,se S.(ty)) 4.2)
Let § = min{&;,7}. Then, by (4.1) and by taking = ¢, , we get
[t-toll <8 =d,(F(t),F(ty)) <e
Therefore, F is continuous at t,.Butt, is an arbitrary point. Hence, F is continuouson T. o
5.4 Theorem

Let T be a locally compact metric space and E™ be metric space. If Fuzzy set valued mappingF: T — E™ is continuous then F
is locally uniformly continuous.

Proof :Let T be a locally compact metric space, E™ be a metric space and Fuzzy set valued mapping F:T — E™ be
continuous.

Claim: F is locally uniformly continuous.

Let t, € T. Now since Tis locally compact, there exists compact set C which contains some nbhd U of t,. Therefore, F: C —
E™ is uniformly continuous as F is continuous on T. Then its restriction F | C is continuous on C.

Since t, € T < C,F is uniformly continuous on T which is a nbhd of t,. Therefore, F is locally uniformly continuous at
to-Butt, is an arbitrary point. Hence, F is locally uniformly continuous on T. o

5.5 Theorem

Let (T,].]) and (E™,d.) be metric spaces. If Fuzzy set valued mapping F,G: T — E™ are locally uniformly continuous on
Tthen Fuzzy set valued mapping

(M F + Gis locally uniformly continuous on T.
(i) cF,c € R — {0} is locally uniformly continuous on T.

Proof :Let (T,||.|) be a metric space and Fuzzy set valued mapping F,G: T — E™ be locally uniformly continuous.
Claim (i):F + G is locally uniformly continuous.

Let &> 0 begivenand t e T be fixed. Now since F is locally uniformly continuous at ¢, 3 nbhdU, of t 3 F is uniformly
continuous on U,. Further, since G is locally uniformly continuous at t, 3 nbhdV, of t 3 G is uniformly continuous on V.

Let W, = U, n V,. Then by theorem 3.8(i), F + G is locally uniformly continuous on W, which is a nbhd of t. Therefore,
F + G is locally uniformly continuous at t. But t is an arbitrary point of T. Hence F 4+ G is locally uniformly continuous
functionon T.

Claim (ii): cF,c € R — {0} is locally uniformly continuous.
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Let &> 0 begivenand t e T be fixed. Now since F is locally uniformly continuous at ¢, 3 nbhdU, of t 3 F is uniformly
continuous on U,and ¢ € R — {0}. Therefore by theorem 3.8(ii), cF is uniformly continuous on U, which is a nbhd of t.
But ¢ is an arbitrary point of T. cF, c € R — {0} is locally uniformly continuous on T.o

5.6 Theorem

IfFuzzy set valued mappingsF: (T,||.|) - (E",d.,) and G:(E™ d,) — (E™ d,)are locally uniformly continuous
function then Fuzzy set valued mapping GoF:T — E™ is locally uniformly continuous.

Proof :Let(T,|| .|) and (E", d.,) be metric spacesand F:T — E™ and G:E™ — E™ be locally uniformly continuous.

Claim: GoF:T — E™ is locally uniformly continuous. i.e. To show that if F is locally uniformly continuous at x, and G is
locally uniformly continuous at F( x,) then GoF is locally uniformly continuous at x .

Now sinceG is locally uniformly continuous at F( xo) = y,, 3 nbhdl}, of y, 3 G is uniformly continuous on V,. Further,
since F is locally uniformly continuous at x,,3 nbhdU, (whereF(U,) c V, )of x, 3 F is uniformly continuous on U,.
Also we have G is uniformly continuous on F(U,) as G is uniformly continuous on V,and (U,) c V, . Therefore, by
theorem 3.9,GoF is uniformly continuous on U, , a nbhd of x,. Therefore, GoFis locally uniformly continuous at x,. But
Xois an arbitrary. Hence, GoF is locally uniformly continuous on T. o

CONCLUSION

From the above study, it can be seen that the collection of all Fuzzy set valued continuous function, uniformly continuous
functions and locally uniformly continuous functions have many interesting properties on a metric space.
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